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Abstract. A very economic model of generating small neutrino masses is the Zee model. This model has
been studied extensively in the literature with most of the studies concentrated on the simplest version
of the model, where all diagonal entries in the mass matrix are zero. SNO, and KamLAND data disfavor
this simple version, but only when one also combines information from atmospheric and K2K data can
one rule out this model with a high confidence level. We show that the simplest version of the Zee model
is ruled out at 3o level. The original Zee model, however, contains more than enough freedom to satisfy
constraints from the data. We propose a new form of mass matrix by a naturalness consideration. This new
form of the mass matrix is consistent with all experimental data. It predicts that m,, = 0, and tan? Osolar
increases and sin? 0,4 decreases with |Ves|. For tan? Osolar and sin? O,em to be in their 1o allowed regions,
|Ves| is sizeable but can be set below the 90% C.L. upper bound.

There are abundant data [1-6] from solar, atmospheric, lab-
oratory and recent long baseline (K2K and KamLAND)
experiments on neutrino mass and mixing. It is certain
that some of the neutrinos have non-zero masses, and also
different neutrino species mix with each other. In the min-
imal standard model (SM) in which there is just one Higgs
doublet in the scalar sector and there are no right-handed
neutrinos, neutrinos are massless. In order to have non-
zero neutrino masses and mixing, one must go beyond the
minimal SM.

There are various possible ways to generate neutrino
masses. A very economic way of generating neutrino masses
is to introduce a charged scalar and an additional Higgs
doublet into the minimal SM as proposed by Zee [7]. The
Zee model provides a natural mechanism to generate small
neutrino masses because they can only be induced at the
loop level, and it also suggests special forms for the mass
matrix. If one imposes a discrete symmetry such that only
one of the Higgs doublets couples to the leptons, as sug-
gested by Wolfenstein [8], one obtains a simple mass matrix
with all diagonal entries zero. We will refer to this simple
version as the Zee-Wolfenstein model. This model has been
studied extensively in the literature [7—12]. In this paper
we further study the Zee model using the most recent ex-
perimental data. We show that the Zee-Wolfenstein model
is ruled out at the 99.73% (30) C.L. However, the original
Zee model contains more than enough freedom to satisfy
experimental constraints [12]. We propose a new form of
neutrino mass matrix resulting from a naturalness condi-
tion. This model predicts that m,, = 0, and tan? Oqolay in-

a

e-mail: hexg@penguin.phys.ntu.edu.tw

creases with |V3|. For the best fit value of 0.4 for tan? f,o1ar,
|Ves| is sizeable but below the 30 upper bound.

The Zee model contains, in addition to the gauge bosons
and the minimal fermion contents, a singlet scalar h and
two Higgs doublets ¢; o transforming under the SM gauge
group SU(3)c x SU(2)L x U(1)y as (1,1,1) and (1,2,
—1/2). With these particles it is not possible to have tree
level neutrino masses from a renormalizeable Lagrangian,
but it is possible at one loop level. The relevant terms in
the Lagrangian are [7]

L= fl_deff’d%WiLeu - Eﬁf”waZLeijh
—MP ¢l ¢heiih + H.C., (1)

where ¥!; = (Va,eqs) and l,r are the left- and right-
handed leptons with “a” the generation index and “¢,;”
the SU(2)y, indices. ¢;; is the anti-symmetric symbol. C is

the Dirac charge conjugation matrix. fff*“b

couplings responsible for the charged lepton masses. f ab jg
an anti-symmetric matrix in the generation indices a and
b due to Fermi statistics.

The mass matrix m for the charged leptons is given by
i = (v f{ +vaf3) = v(sin Bf{ +cos Bf5). Here v, = (¢,
are the vacuum expectation values (VEV), v = \/v? 4+ v3 =
174GeV and tan (8 = wv1/ve. The mass matrix m can
be diagonalized to obtain the eigen-mass matrix m =
Diag(me, my, m,) by a bi-unitary transformation mul-
tiplying two unitary matrices Vi, g from left and right,

are the Yukawa

m = VeV,
The linear combination ¢y, = cos 3¢, + sin B¢, is
“eaten” by W™. The physical combination which mixes
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with h is ¢~ = sin8¢; — cos B¢, . We indicate the two
mass eigenstates of the masses M7 and M> for the charged
scalars by h; = cos@zh — sinfz¢+ and hy = sinfzh +
cos 0z¢™". Heresin 0 is proportional to M, characterizing
the strength of the h—¢™ mixing.

The terms responsible for the neutrino mass generation
in the previous equation, in the mass eigenstates basis for
the charged lepton and scalar fields, can be written as

L= —ERmEL

_ 1
-E
R (vtanﬂ smﬂ
— 20 fCEL(cosOzhy +sinfzhs) + ... (2)

where f = (f9) = ef¥V, f = (/) = WV,
Evr = (e, b, )L, and vy, = (v1, V2, V3)L-

Exchange of charged scalars hj 2 and charged leptons
at one loop level, a Majorana neutrino mass term L,, =
(1/2)vf M, Cuy, can be generated with

fs ) v (sin@zh! — cos0,h)

My = A|(fm® +m2fT) = s (fmff + f5Tm ") | (3)
where A = sin(20z)log(M3/M?)/(161%v tan 3) which is
of order O(107®) if the sin(26z) and tan 3 terms are both
of order 1. This is the general mass matrix in the Zee
model [12]. The mixing matrix is the unitary matrix V
which diagonalizes the mass matrix and is defined by D =
VTM,V, with D = diag(m,,, m,,, m,, ).

The present experimental data on neutrino masses and
mixing angles can be summarized as follows [13,14]. The
30 allowed ranges for the mass-squared differences are con-
strained to be 1.6 x 1073 eV? < |Am2,,| < 4.8x1073eV?,
and 4.7 x 107%eV2 < Am?2 | < 1.7 x 107%eV?, with the
best fit values given by \Amatm| = 2.5 x 10" e\727 and
Am?2 . = 7.0 x 107°eV?2. The mixing angles are in the
ranges of 0.3 < sin?Oym < 0.7 and 0.29 < tan? fgoar <
0.63. Also the CHOOZ experiment [4] gives an upper bound
of 0.22 on the v, (where v, can be either v, or v, or
a linear combination) oscillation parameter for Am?2; =
|m|? — |m,,|? > 1073 eV2.

In the model discussed here the atmospheric neutrino
and K2K data can be explained by oscillation between the
muon and the tauon neutrinos, and the solar neutrino and
KamLAND data are explained by oscillation between the
electron and muon (or a linear combination of muon and
tauon neutrino) neutrinos. In this case the CHOOZ limit
applies to the oscillation between the electron and tauon
neutrinos?.

Setting f in (3) to 0, one obtains the famous Zee-
Wolfenstein mass matrix,

M, = (4)

S r O
DM O 2
S Oy S0

! There is additional evidence for oscillation between elec-
tron and muon neutrinos from the LSND experiment [15]. It
confirmed that more neutrinos are needed to explain all the
data.
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where a = Afe*(m? —m?2), b = Af"(m2 — m2) and
¢ = Aft7(m2 —m2). One can redefine the neutrino and

charged lepton phases such that all a, b and ¢ are real.

Unfortunately, the Zee-Wolfenstein model is now ruled
out by the experimental data. This can be seen from the fol-
lowing.

The above mass matrix satisfies the “zero sum” con-
dition m,, + m,, + m,, = 0; therefore all the neutrino
masses are determined in terms of the mass-squared dif-
ferences [16]. We have [16]

vi

1
m2 = —3 [QAmgl + Am3, (5)

- 2\/(Am§2)2 + Am%Am%z + (Amgl)z

The other two masses are given by mZ2 = Am3, + m2,
and m?,g = Am?, —I—mlz,z. The “zero sum” condition admits
two types of mass hierarchy if the absolute value of r =
Am3, /Am3, is much smaller than 1 (experimentally |r| <
0.106 at 30 level), with one of them the normal one: m,,, >
my, > m,, and m,, =~ m,,, and another the inverted one:
|my,| > |my,| > |my,| and m,, ~ —m,,,. One finds that
|z| = |my, /m,,| is determined to be very close to 1.
The mass matrix element My, = 0 leads to V2 My, +

VZm,, + V3m,, = 0, which can be rewritten as
—x+ (14 22)V2

Since |x| is smaller than, but close to 1, the above equation
only allows for negative = for small V%, implying that only
the inverted mass hierarchy is p0851ble One thus obtains
a minimal V3, of V3 close to (1 — V3 ,..)/2 ~ 047,
while the data from SNO and KamLAND prefer a smaller
V2. Therefore SNO and KamLAND data disfavor the Zee-
Wolfenstein model. This has been noticed in [11]. How-
ever, we would like to point out that although the Zee-
Wolfenstein model cannot produce the central values for
the mixing and mass difference from solar and KamLAND
data, the present data cannot rule out the model at more
than even the 20 level.

To have a more quantitative statement, we have carried
out a detailed study and the results are shown in Fig. 1.
The dashed lines in Fig. 1 are for tan? fsojar (sin2 20501ar =
4| Ve1?|Vea|?) with two values (0.22 and 0.15) of V.3 as a
function of r. When |V.3| decreases, tan? 6.1, increases.
tan? Oolar is about 0.53 for the 30 upper bound of |V.3|,
and becomes larger than the 30 allowed value of 0.63 when
|Ves| decreases to lower than 0.15. One therefore can take
|Ves| to be larger than 0.15 at the 30 level. It is clear that
the model does not have the possibility to produce the best
fit value of 0.4 for tan? fgo1ar. However, at 20, tan? Ogojar
can be as large as 0.54 [14]. Therefore it is not possible to
rule out the model at more than 20 level from the data on
solar neutrinos and KamLAND.

Data on sin? 0,4y, can provide further constraints on the
model. The condition Myy = m1V +maV?2 i) +m3VlL23 =0

in the model can be used to determine sin® 6,4, = V“23
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Fig. 1. The dashed lines S1 and S2 are for tan? Osolar as
functions of 7. The two solutions for sin? 0., are indicated by
solid lines Ala and A2a, and A1lb and A2b, respectively. Here
the indices “1” and “2” indicate the cases with |V3| equal to
0.22 and 0.15, respectively

The mixing matrix V can be parameterized using three
rotation angles, for example [1] Vio = s12¢13, Ve = 813
and Vﬂg = 823(C13. Here Sij = sin 923 and! Ci; = COS Hij. Two
of the angles, 612 13, can be determined in terms of V,3 and
r from previous discussions. The condition

Moy = my, (s12 + C12813t23)2 +my, (c12 — <‘>’12$1:’>t23)2
1My, CRat3s
=0 (7)

then determines 93 in terms of V.3 and r. Here to3 =
So3/c23 = tanfaz. There are two solutions for tan 63 for
given V.3 and y which we indicate by “a” and “b”.

In Fig.1 the solid lines show sin? Ot as a function
of r for |V3| equal to its 30 allowed upper value of 0.22
and the allowed lower value of 0.15. From the figure we
see that sin? 0., decreases for solution “a”, and S$in® Oapm
increases for solution “b” as r increases from the 3o lower
bound of —0.106 to the allowed upper bound of 0. All
solutions for sin? 0,4, are outside the 3¢ allowed range of
0.3 ~ 0.7. For |V.3| smaller than 0.15, it is possible for
sin? O of solution “b” to become smaller than the 3¢
allowed upper bound. However, |V.3| smaller than 0.15 will
drive tan? 1. out of the 30 allowed range. Therefore the
combined neutrino data on tan? fsay and sin? Oa, rule
out the Zee-Wolfenstein model at more than 3o level.

The above discussion clearly shows that the Zee-Wolfen-
stein neutrino mass matrix is in trouble. That does not,
however, mean that the Zee model itself is in trouble. The
mass matrix given in (3) contains more than enough free-
dom to fit the data. Here we encounter a common problem
for physics beyond the SM: that there are too many new
parameters. Additional theoretical considerations have to
be applied to narrow down the parameters.

We find that an interesting neutrino mass matrix emer-
ges if one requires that there should be no large hierarchies
among the new couplings; that is, all % and f;b b are
of the same order of magnitude, respectively. This can be
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considered as a naturalness requirement. From (3) one sees
that all terms in the mass matrix are either proportional
to my or m?. Since m, >> m,, ., the leading contributions
to the neutrino mass matrix are proportional to f¥/m?2 and

f2%m,.. To this order we have

v
My = —2A——— fe7 f7¢
11 cosﬁf fo tme,
v
Moo = —2 WT £OTH -,
22 cosﬂf a7 m
M3z =0,
v eT £@,T T £P,TE
Mu:_cosﬁA(f FETE 4 T T M

T v TT
M13:Afe mr (mT_COSﬂfz ) ;

Maz = AfNTmT <m7' - . f2 777’) . (8)

cos 3

Without loss of generality, by appropriate choices of the
neutrino field phases, the 11, 13, 23 entries can be made
real with just one physical phase § in the mass matrix. One
can rewrite the above mass matrix as

1 (yel® +2)/2 2
M,=a| (ye' +2)/2 wye® w2z, 9)
z Tz 0

with a = |Mun1|, x = |f*|/|f7|, y = |Maa|/za, z =
‘Mlg ‘ /CL.

This is a highly constrained form of the mass matrix.
This matrix is rank 2, implying that one of the neutrinos
has zero mass. The non-zero eigenvalues are given by

2
mi = az (\/1+2xycos6+x2+y2

L IT AT aR) . (0)

Since experimentally Am3, > 0, there are two types of
eigen-mass hierarchies,

(a) my, = 07 |ml/2| = Am%l =m—,

M, | = \/ Am3y — Am3y = my ;
mu, | = \/|Am3,| — Am3, =m_,

|Am§2| =My,

and

(b)

|mV2| == my, = 0.
The five parameters in the mass matrix are severely con-
strained by the data on Am§1’32, Ve, Ves and V3.

To have some idea about what parameter space may
satisfy the experimental constraints, let us discuss the sit-
uation with the phase § set to 0 for simplicity. For the type
(a) of mass hierarchy, since |r| = |Am3,/Am3,| is much
smaller than 1, one would have (1 + xy)? to be almost
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equal to (14 22)(1+y2 +422). To satisfy this, 2 should be
close to y and z to be much smaller than 1. Expanding the
mixing matrix elements around x = y and small z, we find
(Vea, Viu2, Vi2) to be proportional to (z, zz, —(1 + 2?)).
Since z is much smaller than 1, one would obtain too small
a Vo, in contradiction with the solar and KamLAND data.
This qualitative feature is not changed even if a non-zero
¢ is introduced. There is no solution for the normal mass
hierarchy of type (a).

For the type (b) of mass hierarchy, (Ves V3, Vr3) is
proportional to (—2zz, 2z, —y). A small |r| requires zy
to be close to —1. The small ratio |Ve3|/|V,3| = = requires
|z| to be less than about 0.3 which can be taken as a
starting value for z for numerical analysis. We find that
xy + 1 > 0 does not have phenomenologically acceptable
values to fit the data, there being a too large tan? fja;.
We have surveyed a wide range for the parameters x, y and
z, and find that it is not possible to get a set of values such
that they can produce the central values for 7, tan? fgojar
and sin? am without violating the 3¢ upper bound of V3.
This can be understood as follows. To get a small V3 one
requires a small x. The requirement of zy to be close to —1
results in a large y which dictates a large V3 ~ x —y and
leads to a too small V3 to explain the atmospheric neutrino
and K2K data. There are correlations between V.3 and
tan? Osolar, Ves and r. When V.3(z) decreases, tan? fgojar
increases, and r decreases. These correlations also constrain
the parameters. We however find regions of parameters
such that 7, tan? Osopa, and sin? Ou, are within their 1o
regions, while V3 is less than the 90% C.L. allowed region.
In the following we present a sample solution given by

m,, =4.92x107%eV, m,, = —5.00 x 107%eV,

My, =0,

0.8121 —0.5615 —0.11584
0.3495 0.6856 —0.6387
0.4672 0.4633 0.7530

V (11)

The corresponding values for 7, tan? fsoiar and sin? Oaem
are 0.0317, 0.0478 and 0.408, respectively. They are all
within their 1o allowed regions. The value —0.1584 for V3
is below the 90% C.L. allowed range.

In the above solution, the input parameters are x =
—0.48, y = 4,323, 2 = 1.9, a = 1.67 x 10~ 2eV. One can
choose different signs for the parameters x, y and z. As
long as the signs for z and y are simultaneously changed,
the magnitudes of the eigen-masses and the mixing matrix
elements are not changed. We will stick to the signs with
x negative, y and z positive in our later discussions.

One can also find solutions with smaller |V3|. For ex-
ample, with x = —0.165, y = 6.531 and z = 3.030, we
obtain V.3 = —0.11, but tan? O = 0.624 is too close to
the 30 bound.

We searched for other solutions. We find that it is also
possible to have solutions with non-zero C'P violating phase
5. For example with @ = 1.92 x 1072eV, z = —0.276,
ye'® = 3.467 —10.0573, and z = 1.571, we have
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My, = 4.93 x 10727169y |

My, = —5.00 x 1072""eV, m,, =0, (12)

0.8147 —0.5048—-i0.2311 —0.1676—i10.0024
V= (0.3110710.1995 0.7035 70.60717i0.0087> .
0.4166—i0.1619 0.4402—i0.0561 0.7767

For the above input parameter set, tan? fgo1ar, sin? Oatm, T
and |V3| are all in their 20 allowed ranges. The C'P violat-
ing Jarlskog parameter J = Im (V11 Vaa V15 V5 ) is predicted
to be —0.0165 which may be studied in future neutrino fac-
tories. We have kept the masses in the form with phases
to illustrate the existence of Majorana phases which can
be rotated away by multiplying a phase matrix from the
right on V' as obtained above.

The neutrino masses obtained in the model are in the in-
teresting ranges. The sum of the absolute neutrino masses,
Msum = | My, |+|My, |+]mMug ], in this model is around 0.1 eV
which is several times smaller than the recent bound of
0.69eV from WMAP [17], but can be probed in the near
future by the PLANK experiment where the sensitivity on
Msum can be as low as 0.03eV. Laboratory neutrino mass
experiments can also test the model. A non-zero value
a = |mee| can induce neutrinoless double beta decays.
|mee| obtained here is about 0.02eV which is safely be-
low the present bound [1,18] of 0.4 eV. However it can be
probed by future experiments, such as GENIUS, MOON
and CUORE, where a sensitivity of about 0.01 eV may be
reached. The effective mass

(me) = \/‘mmVelP + [, Vea|? + |y, Ves |2

measured by the end point spectrum of beta decay in our
case is around ~ 0.05eV, which is unfortunately a factor
of 2 smaller than the sensitivity of the future KATRIN ex-
periment.

The off-diagonal entries of the couplings f%* and fg’ ,ab
can induce flavor changing interactions. One should make
sure that the constraints on the related parameters will not
rule out the regions of the parameters to produce the mass
matrix discussed above. It is not possible to completely de-
termine the couplings using just information from neutrino
masses and mixing. We therefore take a simple situation
with f3"7" = 0 for illustration. In this case for the example
given in (12): f7¢/cos 3 = —0.33 x 1072, f$™"/ cos B =
—(1.14—1i0.02) x 1072, Af°™ = 0.93 x 10~ (GeV '), and
AfPT = —0.26 x 10~ (GeV ™). Tt is interesting to note
that the solution obtained here is consistent with the nat-
uralness requirement that f; "¢ is of the same order of
magnitude as f"™, and f¢7 is of the same order of mag-
nitude as f#7. If one chooses a smaller x one would obtain
a bigger hierarchy for the parameters, f#” and f¢”. The
qualitative features will not change when other values for
the parameters are used.

Exchange of the neutral Higgs boson ¢; (with mass
My) can induce at tree level I; — Il decays. At one
loop level I; — l;7v can also be induced. The branching
ratios for the classes of the decays are given by
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45012 L | b2 (my/v)?
XBSM(li — l/ilkf/k) ,
B(l; — ;) (13)

(mi/v)2 BSM

= Ckem(|f§))”|2 + |f§ml\2)m
0

(ll — l/ilkﬁk) .

where BSM indicates the branching ratio predicted by
the SM.

For the values of f$"™ and f{™ obtained in the ex-
ample of (12) we have

~3.5x107°B,, 0.80 x 107 13B, ;
~0.76 x 1078, ;
~29x1071°B,, 0.67 x 107B; ;
~0.63 x107?B, .

B(1 — ppji, pee
B(r = py

B(1 — euji, ecé

—_ — — ~—

B(T — ey

In the above B, = (100(GeV) /My tan 8)*BSM (1 — v, uw,)
with BSM(7 — v, up,) ~ 17%.

There are experimental constraints on the above de-
cays with the 90% C.L. bounds, given by [1], B(t —
ppji, pee) = 1.9 x 1076, 1.7 x 107, B(7 — epji, ecé) =
1.8 x 1079, 2.9 x 10°%, B(r — py,ey) = 1.1 x 1076,
2.7 x 1076, For tan 3 of order 1, all the branching ratios
predicted above are safely below the experimental values
if the mass My is of order 100 GeV.

A non-zero f% can also induce radiative charged lepton
decays by exchanging charged scalars with the branching
ratio given by

aem

Bl — l;y) = ——oem
U= 17 = iGeirzy?

(fEfR)2. (14)

HereM? = cos® 07 /M? + sin® 67 /M2. If the parameter A
is not too much smaller than the natural value of A = 107°
(GeV~1), their contributions for the rare decays mentioned
will be much smaller. The rare decays of these types will
not provide significant constraints.

From the above discussions we see that the new form of
the mass matrix proposed is consistent with the present ex-
perimental data (within 90% allowed regions). It also pre-
dicts m,, = 0 and a sizeable |V,3|. If the error on tan? soja;
is reduced and the present best fit value holds, |V.3| will
be close to the 30 allowed upper bound. This model can
be tested in the future.
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